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Abstract 

In the present paper, we introduce Stancu-variant of generalized Baskakov operators and study the rate of con¬ 
vergence using modulus of continuity, order of approximation for the derivative of function /. Direct estimate is 
proved using K-functional and Ditzian-Totik modulus of smoothness. In the last, we have proved Voronovskaya 
type theorem. 
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1. Introduction 

In 1998 V. Mihesanljsll constructed an important generalization of the well known Baskakov operators on [0, °°) 
with non-negative constant a independent of n 


where / £ C[0,°°) and 


W;*) = Iw„V*)/ - , 

k=0 ' ' 


. , , ax pdn.a) x k 

W , (x) = e ~ra y - 

n ' k{ ’ k\ {\+x) k+n 


( 1 ) 


( 2 ) 


such that E W“ k (x) = 1 and pk(n,a) = E (") (n)ia k with (n)o = 1, (n)j =n(n+ l)...(n + i— 1). 

In the last decade, many papers were published for generalized Baskakov operators on order of approximation, 
Voronovskaya type theorem, Kantorovich form, and order of approximation for the derivative of the function(i l5,[14]). 
For / € C[0,°°), Stancu lIToll introduced the sequence of positive linear operators 

Kf = E Pn.k( x )f ( —rl) > 
k ~o \ n + P J 

where p n ,k(x) = (" )x k (1 —x) n ~ k and a, j8 are any two two non negative real numbers such that 0<oc</3.1fa = 
fi = 0, it reduces to so called Bernstein operators. Recently, many researchers d!,ll,H,0,li],iH,lIl)bave 
introduced the Stancu-variant for different linear positive operators. Motivated by the above development, we are 
giving a Stancu-variant of the operators (1) as 


L“£(f-,*) = LKk( x )f 

k =0 


k oc \ 

^+p)' 


where W‘‘ f ,(x) defined in (2) and 0 < a < ft. For a = ft = 0, we get the operators (1). 


(3) 
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2. Approximation properties of L“f 

To prove the approximation properties of , we need the following lemma lfl3ll 
Lemma2.1 For a,x > 0 ,n = 1,2,we have 


B a n ( i;x) 

B a n (t;x) 

Kit 2 -,x) 


B° n (t\x) 


ax 

X+ n{l+ X y 

x 2 x 9 crxr 2 ax 2 ax 

n ^ n~^ n-(l + x ) 2 «(1 + x) n 2 (l + x) ’ 

■3 3x 2 (l+x) x(1+x)(1+2x) 3ax 3 1 / 9 3a 2 x 3 3ax 2 \ 

n n 2 n( 1 + x) n 2 \ (1 + x ) 2 (1 +x) J 

1 / ax 3 a 2 x 2 a 3 x 3 \ 

”*~n 3 \l+x”^(l + x ) 2 (1 + x) 3 / ’ 

4 6 x 3 (l+x) x 2 (l+x)(7 + 1 lx) x(l + x)(6x 2 + 6x + 1) 4ax 4 

n n 2 n? n(l +x) 

1 / 12ax 4 18ax 3 \ 1 / 8 ax 4 6 a 2 x 4 4a 3 x 4 18ax 3 

+ » 2 V(l+x) + + 1+X J + H 3 V ! +X + ( 1 +x ) 2 + ( 1 +x ) 3 + ( 1 +x) + 

1 f ax lerx 2 6 a 3 x 3 a 4 x 4 \ 

+ « 4 Vl +X (1 +x ) 2 (1 +x ) 3 (1 + x) 4 / ’ 


Next, we prove 


18a 2 x 3 
(1 +x ) 2 


14ax 2 \ 

y+y) 


Lemma 2.2 Let a,x > 0 and n = 1,2,3.... Then for the operators defined in (3), we have 


(0 L a J{ l;x) 
(«) 

(Hi) L“f(t 2 ;x) 
(iv) L“f(t 3 ;x) 


(v) 


L a nht\x) 


1 , 

n a x a 

n + j3 n + /3 1 +x n + )3 ’ 

n 2 +n 9 «(l+ 2 a) a 2 x 2 2 an x 2 a(l+ 2 a) x a 2 

(n + p) 2X ~ + {n + p) 2 A ' + (« + j3) 2 (l+x ) 2 + («+j3) 2 (l+x) + (n+j3 ) 2 l+x + («+j3 ) 2 

n 3 +3n 2 + 2n 3 n 2 (3 + 3a)+n(3+3a + 3a) 2 , «(l+3a + 3a 2 ) | 3an 2 x 3 

{n + /l ) 3 * + (^j 3 + (^T ^) 3 X+ (n + /3) 3 (l+x) 

n / 3a 2 x 3 3ax 2 6 aax 2 \ 1 /ax 3a 2 x 2 a 3 x 3 

+ (n + j3 ) 3 \(1 +x ) 2 + 1 +x + 1 +x / + (« + j3 ) 3 \ 1 +x + (1 +x ) 2 + (1 +x ) 3 

3 aa 2 x 2 3 a 2 ax 3 \ 

+ 79-7, H—--h a~ I, 

(1 +x ) 2 1 +x / 

« 4 + 6 n 3 + 1 In 2 + 6 n 4 (6 + 4a )« 3 + (18 + 12a)n 2 + (9 + 8 a)n 3 / (7 + 12a + 6 a 2 )« 2 

(n + j3 ) 4 * + (n + j3 ) 4 + \ (n + p) 4 

(7 + 12a + 12aa+ 6 a 2 )n \ 9 (1+4a + 6a 2 +4a 3 )n 4a « 3 + 12an 2 + 8 an x 4 

+ (n + P ) 4 / + (n + P ) 4 X+ (n + P ) 4 1 +x 

6 a 2 n 2 + 6 a 2 n x 4 4a 3 n x 4 a 4 x 4 18a« 2 +18an x 3 

+ (n+py (1 +x ) 2 + (n+py (1 +x ) 3 (b+py (i +x ) 4 + ( n+py (i+x) 

(18a 2 + 12a 2 a)n x 3 6a 3 +4aa 3 x 3 (12aa 2 + 12aa + 14a)n x 2 

(n+py (i+x) 2+ (n+py (i+x) 3+ ( n+py ( 1 +x) 

7a 2 + 12a 2 a + 6 a 2 a 2 x 2 a+4aa + 6a 2 a+4a 3 a x a 4 

( n+py (l+x) 2+ ( n+py 1 +x + (n+py 


Proof To prove these identities, we use the lemma(2.1) and linearity property 


K+r.x) = 


— Ki r, x ) + — eK{Ux ). 
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In similar manner, we can prove identities (iii), (iv) and (v). 


Lemma 2.3 Let i//'(f) = (t — x) l ,i = 1,2,3,.... For a,x > 0 and n = 1,2,3..., 





(v+);*) 


i, 

( n \ ax a 

\n + /3 / ”+ + /3l+x~+ + /3’ 

n + /3 2 2 n — 2ap | a 2 x 2 2ax 2 | a(l+2a) x | a 2 

(n + /3) 2 ' Y " + (n + /3 + + (n + p) 2 (1 +x) 2 “ (n + /3) 2 (1 +x) + (n + /3) 2 1 + x + (n + /3) 2 ’ 

(3 - 12/3)n 2 + (6 +4/3 + 2/3 2 + 4/3 3 >z + /3 4 4 / (6 - 12a - 12/3 )h 2 + (9 + 8a - 12/3(1 +a + a+ ct/3))n 

^7 x + l 

(6 — 12a— 12/3— 12a/3 2 ) \ 3 3 n 2 + (7-4/3 + 12aa- 12a/3 + 6a 2 )n + 6a 2 /3 2 2 

+ (« + 0) 4 / + (« + £) 4 

(1+4a + 6a 2 )n — 4a 3 /3 12an 2 + 8a» — 4a/3 3 x 4 6a 2 n+6a 2 /3 2 x 4 4a 3 /3 x 4 

+ (n + /3) 4 (n + /3) 4 (1+x) + (n+/3) 4 (1+x) 2 (n + j3) 4 (1 +x) 3 

a 4 x 4 12a» 2 + 18a« +6a(l + 2a)/3 2 x 3 6a 2 n — (12a 2 + 12aa 2 )/3 x 3 
+ (h+/3) 4 (1 +x) 4 + (n + /3) 4 l+x + (n+/3) 4 (1+x) 2 

(6a 3 +4aa 3 ) x 3 (12aa + 8a — 6aa 2 )n — (6a + 18a 2 a)/3 x 2 la 2 + I2a 2 cc + 6a 2 a 2 x 2 
(« + /3) 4 (1+x) 3 ” 1 ” (n + /3) 4 1+x” 1 ” (n + /3 ) 4 (1+x) 2 

(a)+4aa + 6a 2 a + 4a 3 a x a 4 

(n + /3) 4 1 +x + (h + /3) 4 ’ 


Proof In view of lemma(2.2) and using equalities. 


(vct( 0 ;*) 

+f(v+);*) 


L nS {t\x)-xL%$ (l;x), 

L nfi 0+ - 2 +f (*;*) +*+?/ (!;•*)> 

(*V) - (f 3 ;x) + 6x 2 L“f (r ;x) + 4x 3 L“f (f ;x) + 



we get the proof of this lemma. 

Lemma 2.4 Let y r' x {t) = (t — x)‘,i = 1,2,3,.... For a,x > 0 and n = 1,2,3..., we have 

Vn P nL T£(vl (0+) = a —/3x + a—, 

lim nL“^(y/ 2 (f);x) = x 2 +x, 

n —’ 

2 3 

lim n 2 L%f (y/ 4 (f);x) = (3 — 12/3)x 4 + (6— 12a— 12/3)x 3 + 3x 2 + 12a-2-|-12a-2—. 

n—Voo ’ 1 -l_ v 1 -I- v 


3. The degree of approximation 

Theorem 3.1 If / € C[0,°°), x £ [0,°°) and ft)(/; 5) is the modulus of continuity, then 

\ L n,f (f’ x ) - f( x )\ < | 1 + \! Yn,a (x) | C 0(f, S„ p ), 


where 5„,/3 = (n +/3) 5 and 




«+/3 2 2 n—2a/3 a 2 x 2 2a/3 x 2 a(l+2a) x a 2 

n + /3 n + /3 + n + /3 (1 +x) 2 n + /3 (1 +x) ^ n + /3 1 +x ^ n + /3 
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Proof Let / € C[0, °°) and x > 0. Then, using linearity property and monotonicity of the operators defined by (3), 
we can easily find, for every 8 > 0, and n G A',that 

| < |l + 5 n JV / L«f( V A?;x)}o)(/;5^). 


<o(f-,8 ntP ), 

which obtained by using Lemma 2.2 and choosing 8„ p = (n -I p) 1 . Thus, we arrive at the result. 

Remark If we put a = 1 3 = 0, we find the same result given by Mihesanjitl 

< {i+^(i +*) + ,, ( ° 1 }<"(/• a ). 

where 5 = -4=, which shows that 8„ p < 8. Therefore, rate of convergence of L,“;f is better than B". 

Now, we will hnd the rate of convergence of operators defined by (3) in terms of modulus of continuity of first 
derivative of function i.e. 0 J( / 7 ; 8 n p') = &)| (/; 8 n p ), which is an improvement over the Theorem 3.1. This type of 
result was given for Bernstein polynomials by Lorentz (|0l,p.p. 21). 

Theorem 3.2 Let f'(x) is the continuous derivative over [0,°°) and (Oiif',8 n p) is the modulus of continuity of 
f'{x). Then, for a,x > 0, 0 < a < p, we have 

K? (/;*) - fix) I < Oh ((* + 1 3)~ l ) y/i£$ (vi (t)-,x) 11 + V¥W)\lL a n ;! (v£(f );*)} • 

Proof For jci,X 2 G \a,b\, we have 


< 


1 + 


n + fi¬ 


n-lap 


2a p 


a(l+2a) x a- 


n + P(l+x) 2 n + P(i+x) n + P l+x n + P 


f{xi)-f{x 2 ) = (Xl-X 2 )f'(%), 

= {x\ - x 2 )f' (xi ) + {x\-X 2 ) if' (|) -/(*: 1 )], 

where x\ < B, < x 2 . As we know that 

|(*i -x 2 )[f'~ f'(xi)]\ < \xi -x 2 |(A + 1)coi(5), X = A(xi,x 2 ;<5). 

Next, we get 

'k + a s 


I L nf! (/;*) - fix) I = E K,kix) j/ J - fi*) 
From (4) and (5), we obtained 


17=0 


I L n)a if',x) - fix) | < E W n,k i X ) ( ~ x )f W + ®1 ) E 


< E 


n + P 
k + a 


k=0 


< (<?„/?)< E 


k=0 


n + p 
k -\- cc 


— x 


k =0 

. k -\- cc 


k-\- cc 


n + p 


nw+E U.-hpS 

X>\ n + P \ fI + P J 


(A + l )W“ k (x), 


k-\- cc 


n + /3 


^w+s-'E 


k =0 


f k~\~ cc 
\n + P 


-x Ci(x) 


< 


cm {8 n .p) y/C;!{xir 2 {t)-,x) j 1 + 5„J ^f(y/ 2 (/);x)}. 

Taking 8, u p = (n + j3) _1 , we get 

lC,f (fix) - fix) | < 0 Ji((n + j3)“' )^L“f(v£ 2 (t);x){ 1 + , 

which is the required result. 


(4) 


(5) 
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4. Direct Estimate 


Here we introduced the Ditzian-Totik Modulus of smoothness jjl which 


is defined as: 


(/;<?) 


SU P \\ A hm(x)f( x )\l 
0 <h<8 

sup sup \f{x-h(p^(x))-2f(x)+f(x + lup l (x))\, 

0<h<8 x±h<p l e{0,°°) 


where <p 2 (x) =x(l — x). And, Peetre’s K-functional is given by 

V(/,5 2 )=inf(||/-g|| c[0H + 5 2 ||9 2 Ag"||c[M), g,g'&AC loc . (6) 

The K-functional is equivalent to the modulus of smoothness, i.e., 

c- 1 v (/. 52 ) < ^ (/>*) < cv (/. 52 )- ( 7 ) 

First result based on Ditziaz-Totik modulus of smoothness was given by Ditzian||2] for the Bernstein polynomials 
as: 

I Bn (/; x)-fix) I < C© 2 a (/, n" 4 (X) l ~ X ). 
cc B 

Now, we prove the similar result for the operator L n ’f . 


Theorem 4.1 For a,x> 0, and 0 < a < /), we have 

\ L nf <C(0^ )l (f,{n + P)~^(p{x) l ~ X ) for large n. 

Proof Using (6),(7),we can choose g n = g nx x for fixed x and A + 1 such that 

II f-g\\c[^)< A ®lx(f,n-±<p(x) l - x ), (8) 

n~ i (p(x) 2 ~ n \\(p n g"\\c[o,°°) (/,«“*9W 1_A )- (9) 

Next 

l L “f (/;*) -/Ml < |£“,f(/-g*M - (f-gn)(x )I + |i“;f (g„;x) -g„(x)|, 

< 2 11 / - Sh 11 C[0,oo) +1 (gn; *) - gn M I. 

From (8), we get 

l L “f(/M-/Ml < 2Afi)2 ^+ 1^“/(g«M-g„(x)|. (10) 
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Now, the last term can be calculated by using Taylor’s formula 


\ L n,’a (Sn{t) ~ gn{x);x)\ < \g' n (x)L“f ((/ - x);x)| + L“f (^J (x - u)g"(u)du;; 

X t 


< i: 


< II f 21 *: llci»,-) («-*)+) 


s II? 21 *"''+->5% 

a(l+2a) x 


1 


n + B~ 9 n — 2aj3 

sX + -rrX + ■ 


2 2 
a x 


2 ap 


a 


(n + j3) 2 (n + /3) 2 (« + /3) 2 (1+x) 2 (n + /3) 2 (l+x) 

2 


(n + j3) 2 1+x («+/3) 2 _ 

x(l + x)(n + J3) _1 [ n + /3 2 x i n—2af5 1 


< II ||c[o. 


<p 2A (x) 


(« + j3) 1 +x (n + /3) 1+x (« + /3)(l+x) 3 


2 ap x i a(l+2a) 1 

' i 7 ! 777 77 ! 77 ' ' 


cr 


(« + j3) (1 +x) 2 (« + /3) (1+x) 2 (n + /3)x(1 +x)_ 

n + /3 2 x n —2a/3 1 


< ll9 2 ^llc[0H<p 2 “ n W(« + /3)- 1 


_(« + )3) 1+x (n + /3) 1+x (n + j3)(l+x) 3 


2n/3 x ( a(l+2a) 1 

' d 7 ! 777 77 ! 77 7“ ' 


cr 


(/; + j3) (1+x) 2 (« + /3) (1+x) 2 (n + /3)x(l +x)_ 

From (9), we have 

l L “f(s«(0-<?«(*);*)! < 5® 2 a(/,(« + ^)' 2 <pW 


u-a 


n + /3 2 x n — 2aj3 1 


+ 


_(n + j3)l+x (n + /3) 1+x (n+/3)(l+x) 3 


2a/l 


j(l+2a) 1 


cr 


(« + /3)(l+x) 2 («+ J8) (1+x) 2 (« + /3)x(l+x) 


(ID 


Using (10) and (11), we get 


l4“f(/«-/«;*)l < m® 2 (7,(h+/3)^<p(x) 1 “ a 


n + fi" x n — 2a[3 1 a~ 


+ ■ 


_(n + /3)l+x (n+j3) 1+x (» + /3)(l+x) 3 


2a/3 


j(l+2a) 1 


■ + ■ 




(« + j3)(l+x) 2 (n + /3) (1+x) 2 (n + /3)x(l+x)_ 
where M = max(2A.B). For a large value of n 

Kfm-m-,x)\ < Mcoi(f,(n+i3r?(p(x) i - x 


Asymptotic relation is the study of rate of convergence for at least two times differentiable functions which was 
given by Voronovskaya £123 ■ Here, we prove a similar result. 

Theorem 4.2 Let a,x > 0, 0 < a < /3 and n £ N. For / £ C 2 [0,°°), we have 

,} ^ n { L n,a(f’X)~f(x)} = - fix++ ^—^-f"(x). 

Proof Let x,f £ [0,°°), / £ C 2 [0,°°). By Taylor’s formula, we have 

f(t) = f(x) + (t-x)f'(x) + ^ ^ f"(x) + T](t,x)(t -x) 2 , 

6 



















































where the function rj(t,x) € C[0,°°) and lim?7(f,x) = 0. Multiplying both sides by W“, (x) and summing over k, 
we get 


L n,’a (/:*) = f( x ) L n,f (l;x) +/'(x)L“f (t-x;x) + ({t -x) 2 \x) +L“f (tj (t,x)(t -x);x). 

Using lemma(2.2), we obtain 


lim n{L“f (f-x) - f{x)} = ( a - fix + 

n^oo ’ \ 1 -\- X 


/'«- 


x 2 +x 


f"{x) + lim nL%f {r\(t\x){t — x) 2 \x). (12) 


Now, the last term can be obtained using Holder’s inequality and lemma 2.4 

nL n!a {r](t\x){t -x) 2 \x) < n 2 L“f ((t -x) 4 ;x)L“f (7](t;x) 2 ;x), 


Let (p(t;x) = r\ 2 (t\x). Then, lim (p(t',x) = 0. Therefore, 


lim nL“f(T)(t;x)(t—x) 2 \x) =0. 

ft—o ’ 

On substituting this value in equation (12), we get the desired result. 
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